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Abstract—A procedure for extending the separation-of-variables technique to heat-conduction prob-
lems with time-dependent heat sources and boundary conditions is presented. It is shown how a modi-
fication of the *“‘separation” method, similar to one made when seeking vibration solutions and
applicable to many linear partial-differential equations, transforms problems of this general class into a
set of transient and steady-state sub-problems for which solution methods are well established. Results
take the form of quasi-static expressions superimposed upon a product series involving characteristic
functions of the corresponding uniformly excited cases. The method is thus suitable for extending
existing solutions to time-dependent heat-source and end conditions, as well as offering an alternative
and occasionally more convenient approach from better-known integral methods.

NOMENCLATURE

F(P), h(x), arbitrary, but integrable,
space variables;

M, film-coefficient parameter;

N, conductivity parameter;

O(P, 1), @4(P), heat-generation rates per unit
volume;

(P, 5, temperature;

Toi(P), Toj(P), static temperature functions;

Vp, volume in P-space;

ai, thermal diffusivity;

bn, Cin, dn, coefficients of series expan-
sions;

Ji(D), gi(1), arbitrary, but integrable, time
functions;

k, thermal conductivities;

1, time variable;

a?, Ag, eigenvalues and separation
constants;

Xu(x), pn(P), eigenvectors;

v, outward drawn normal on
boundary, B; .

(D), separation function (of #);

) ao( )or;

(), )" o( )/ ox, o )fox*.

INTRODUCTION

HEAT-CONDUCTION problems in which boundary

* Principal Structures Engineer.

temperatures, heat fluxes, or internal energy
sources are prescribed functions of time are
commonly encountered in practice. Although
solution techniques for certain cases, character-
ized by unsteady “inputs”, exist, the classical
method of separating variables is not directly
applicable.

This paper adapts an existing modification of
the “‘separation” approach for treating problems
of the types enumerated. Although sufficiently
broad and easy to use in principle, the method
presented does not appear in the standard
repertory of conduction solution methods
[1-4]. However, essentially similar approaches
have been employed to solve time-dependent
boundary condition, continuum vibration prob-
lems {5-9].

METHOD
Consider the equation:
VET(P, ) = a* 8T (P, 1)/ot, for Pin D, >0 (1)
with
MeéTjov+ NT = thi(t) Gi(P),

forPonB,t >0 (2)
and

T=F@/F), for PinD,t=0. 3)
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D is a continuum domain with boundaries at
P =B.
For solutions of (1-3), assume

TP, 1) = D gaP)dult) + BT a(P)fi(1) (4)

in which the T4i(P) are harmonic, i.e.
V2T == 0. (5
Letting
Toi = 2 Cin P, (6)

substifuting (4) into (1), and (6) into the
result yields

2 Vi@u(P) Yult) + E VEToi f(1)
== llat[Z <Pn(P) ¢nlt) + Zﬁ(E Cin @n)]-
Making use of (5), equating termwise, dividing

by @n iy, and choosing —Ay’s for separation
constants gives

dn + S cin fi(0)
e I/Qt S = — Ap. (7)

Substituting (4) into the boundary conditions
(2) gives

Eﬂl (1) [M 8pn(B)/0v + N @n(B)]
= E‘fz(t) {G(B) — [M T oi(B)[0v + N Toi(B)]}.
®)

The following boundary conditions are de-
duced from (8):

M égpjov + Nogn =0, on B &)
M 0Tpf0v + N T = Gy, on B. (10}

Substitution of (4) into the initial condition
(3) yields

Zgn ul0) + Z Tos f1(0) = F(P)
which, upon insertion of (6) and
T(P,0) = F(P) = ¥ bn ou(P),  (11)

becomes
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Thus we take

(f}n'—:bn—zfi%ﬂ, fOrI:—:O.

(12)

(1), (2) and (3) have now been transformed
into the following three standard-type sub-
problems:

(a) From (7) and re-writing (9):

Vigy 4+ Ap@n = 0in D and
M &pplov + Nopp =0o0n B. (7 and 9)

(b) From (5) and (10):

VT = 0in D and
M 0T oi/0v + N Tos = Gy on B. (5and 10y

(c) From (7) and rewriting (12):
’/;n”{”AnaMbn:—*ZCmﬁ(t), t>0
in == bp — 2 cin f1(0), t =0,

(7
(12)

To evaluate the b,’s and ¢;,’s, use is made of
the orthogonality condition

foPmend¥Vp =0, m+#n. (13)
Thus,
_ I F(P) pu(P) dVp
b s 14
" j‘D (pn d V ( )
 Jo Tol(P) gu(P) dVp
Cip == = [, ¢ dVe — (15)

For the case of time-dependent heat sources
and homogeneous boundary and initial condi-
tions the governing equations and conditions
are

VET(P, 1) + kX Qi(P) g(r) = a7 &T(P, D)]on,
' t>0, (6)
MoTlev-+- NT=0onBwitht >0, (I7)
T =0in D whent = 0. (18)
To solve, assume a solution of the form

(P, 1) = Zgn(P)gult) + X T 0i(P) g(1). (19)

Letting
Toi(P) == 3, dyn @u(P) and V2Ty; + k-2 Q; = 0,
(20)
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it can be shown that (16-18) reduce to the follow-
ing sub-problems:

(@ szpn + An P = 0 in D with
(b) V2To; + k1 Q; =0in D and
M oTojfov +~ NToy=0on B (22)
© dntardpn=—3 dmgy, t >0 (23)
P

‘/’n = — Zdjn 8is
§

20

t=0. 24
An example

Given: the one-dimensional transient heat
equation:

®T[ox* = a7 oT /ot (25)
with boundary conditions:
TO, 0 = £(), TLH=0 (26
and initial condition:
T(x, 0) = h(x) @7

To solve (25-27), let
T(x, 1) = X Xa(x) $u(t) + To(x) (1) (28)

in which T, satisfies the steady-state heat-
conduction equation

d2T,/dx? =0 29)
with boundary conditions to be prescribed
shortly.

Substituting (28) into (25-27) one obtains the
transformed equation

ZX AT f)=a""T Xnihn+a ' T, f

(30)

boundary conditions
2 Xn(0) Yu(t) = f [1 = T0)]  (3la)
:j Xn(L) gn(t) = — f T(L), (31b)

and initial condition
Z Xn(x) $a(0) + To f0) = h(x). (32)
Expanding T, and 4 in series of X, functions

(which are orthogonal and assumed to constitute
a complete set),
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To(x) = X cn Xn(x) (33a)
h(x) = X dn Xa(x), (33b)

substituting (33a) into (30), making use of (29),
equating termwise in #n and dividing through by
Xn ¥a, transforms (30) into

X,/ Xn = a7 (fn + cnf)pn = — o

in which —a? is chosen as separation constant.
Therefore,

X,:I + a:‘: Xn =0 (34)
and
dn + a2 aspn = — cn f. (35)

Boundary and initial conditions for (34) and
(35) are obtained after (31a), (31b) and (32) are
examined, i.e.

Xa(0) = Xu(L) =0 (362)

$a(0) = dn — ¢n f(0) (36b)
and

T,0) =1, Ty(L) =0. (36¢)

Solution of the pairs {(29), (36¢)}, {(34), (36a)}
and {(35), (36b)} is straightforward after the
orthogonality of the X,’s is used to evaluate the
cn’s and dy’s:

i To(x) Xn(x) dx

Cp == IW
) Xl dx
L £ X2dx

It should be noted that a solution is also
possible if, instead of having T, satisfy (29), it is
taken to be an arbitrary function of x which also
satisfies (36c) and possess continuous first and
second derivatives. For this case, (35) would
read:

¢n+a,2.at‘/’n=enf— Cnf (37)
with

T)(x) = X en Xu(x) (38)

and
en = LT Xn dx/fb X2 dx.
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This approach corresponds to Mindlin and
Goodman’s method [6] for beam-vibration
problems. Timoshenko [7] and Archer [9] modi-
fied this by superimposing a quasi-static solution
upon the free-vibration modes. This latter tech-
nique, which is comparable to the one used here,
has the advantage of eliminating at least one
forcing term in the separated time equation
[e.g. f(1) in(37)] and requires at least one less
eigenvector expansion [e.g. (38) is unnecessary].
Furthermore, it is easier to physically interpret
the significance of superposing a quasi-static
component upon an eigenvalue-product solution.
One may also expect that a quicker series con-
vergence in (28) is effected when the time is large
and the “transient” component of the solution
is small with respect to the “steady-state” solu-
tion component.

DISCUSSION

Superposition of the two general cases treated
leads to a systematic sub-division of the original
problem into a series of quasi-static ones super-
imposed upon a simplified transient system.
These latter components are composed of
eigenvectors and corresponding time terms. The
time terms in the solutions to the transient
problems satisfy first-order differential equations
in which the forcing functions are governed by
the time-dependent boundary and heat-source
effects.

Implicit in the derivations is the assumption
that the time-dependent excitations can be put
in terms of sums of separable space and time
functions. This presents no serious limitation
upon the technique, since a large majority of
actual situations satisfy this condition. Further-
more, the method assumes that an eigenvalue
solution may be associated with the one-, two-
or three-dimensional domain considered. This
requires that the body be finite in at lcast one
dimension.
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The present technique is reminiscent of the
solution of ordinary linear nonhomogeneous
equations in which general and particular solu-
tions are sought. The technique may thus be
thought of as a quasi-steady solution super-
imposed upon a complementary (or “transient™)
one. The former account for external disturb-
ances while the latter are composed of elements
which are intrinsic to the system (i.e. eigen-
values).

The present method, besides supplying a new
approach to the type of problem and boundary
conditions discussed, takes advantage of the
fact that existing steady boundary and heat-
source eigenvalue solutions can be converted
into corresponding time-varying “forced” solu-
tions. Furthermore, since it is not always possible
or convenient to perform the integration which
appears in existing methods such as Duhamel’s
integral theorem or Green’s functions, nor to
invert a relevant Laplace transform, the pro-
cedure outlined here may supply solutions to
problems for which existing methods are
deficient.
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Résumé—L’auteur présente une extension de la méthode de séparation des variables aux problémes
de conduction thermique avec sources de chaleur et conditions aux limites fonctions du temps. Il
montre comment une modification de la méthode de “séparation”™ semblable & celle utilisée dans la
méthode des solutions vibratoires et applicable & plusieurs équations aux dérivées partielles linéaires
transforme les problémes de ce type général en un ensemble de problémes relatifs aux phénomeénes
stationnaires et transitoires dont les méthodes de résolution sont parfaitement établies. Les résultats
ont la forme d’expressions quasi-stationnaires superposées a des séries de produits contenant les
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fonctions caractéristiques correspondant aux cas ot Pexcitation estuniforme. La méthode permet donc

d'étendre les solutions existantes aux cas des sources de chaleur avec conditions limites fonctions du

temps et permet en outre de trouver une solution approchée nouvelle, qui est quelquefois plus commode,
a partir des méthodes intégrales bien connues,

Zusanmenfassung—Nach dem angegebenen Verfahren ldsst sich die Methode der Trennung der
Variablen auf Warmeleitprobleme mit zeitabhiingigen Wirmequellen und Grenzbedingungen ausdeh-
nen. Es wird gezeigt, wie eine Modifikation der “Trennmethode™, wie sie bei Schwingungsproblemen
und vielen partiellen Differentialgleichungen angewandt wird, vom allgemeinen Problem auf eine
Reihe von Unterproblemen fiir stationéire Verhdltnisse fiihrt, fiir die Losungen bekannt sind. Die
Ergebnisse zeigen Ausdriicke quasistationfirer Vorgénge, die einer Produktenreihe aus charakteris-
tischen Funktionen der entsprechenden Fiille Giberlagert sind. Die Methode eignet sich sowohl dafiir,
bestehende Liosungen aof zeitabhingige Wirmeerzeugung und Grenzbedingungen auszudehnen
als auch eine weitere, gelegentlich bequemere Anndherung nach bereits bekannten Integralmethoden
zu erreichen.

Annoranag—Qaéres crmocoG NPUMSHOHUA MOTONA DASHENcHNA TEPeMeNHHX X Bagadad
TEHJIONPOBORHOCTH HPY HAMMYUH 3ABUCHIINX OT BPEMEHH NCTOYHHKOB TENJNA ¥ PPAHAYHBIX
yexosull, Ilorasano, kax MOEMQURATIMA METOJA «PasSHeNICHNMy, aHANOTHYHAN MojuduKanun,
NpoBeReHHOl HpU NOMCKEe KONeOHIOIHXCA pelilennil H DPHMEHHMON KO MHOTMM IHHENHEBIM
audfepeHuaIbHEM YPAaBHEHUAM B YaCTHHRIX IPOMSBOZHEIX, Npeolpasyer Bajgadd »Toro0
olmero Kjacca B CHCTeMY BCIOMOTaTeNBHEIX 33734 HEPeXOgHOP0 M CTANHOHADPHOTO CO-
CTORAHMK, AJIA KOTOPEIX XOPOWo paspatoTank MeToAsl peitiedusa. B pesyisrare nmojiydaloTcs
KBASUCTATHYECKHS YCIOBMS, HAJIOMEHHLE HA pPAAb OpOU3BeHeHul, KOTOPHE BHIOYAT
XApAKTePHCTHYeCKHe QYHKUMY COOTBETCTBYIOMIHX CJAYACB PABHOMEPHOrO BoalyHIeHNA.
Taxuy obpasom, 9ToT cnocOG NGIBOAHET NPHMEHUTH CYMPCTBYIONIHE POINEHMA K CIAYYRH
HATWIUA 3aBUCALIErs OT BPEMEHH HUTOYNHKA TeIAa ¥ KOHEYHHX yCJIOBi(WK, & Tarme Bﬁﬁpa’rb
Gomee nogxogamudt ¥ unorga Gogee yaoOHBI MeToi M3 HMSBeCTHHX BHTENDAALHHX METOZOR.
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